We present the analytical solution for the eigenvalues and eigenvectors of a PTsymmetric tight-binding chain with gain and loss in a symmetric configuration. We show a simple method to predict the values of the parameters at which exceptional points occur, and we determine the behavior of the eigenvalues and eigenfunctions around these exceptional points perturbatively. The analytical results are used to analyze the transport through the chain. Beyond the exceptional point where the eigenvalues become complex, the ratio of inflow and outflow for the corresponding eigenstates is different from one, and the density in the chain increases or decreases exponentially.
determine the parameter values at which exceptional points occur. Finally, the last purpose of this work is to describe transport through the PT -symmetric chain when its corresponding Hamiltonian is considered as an effective model [27] . We derive the corresponding continuity equation and characterize transport before and after the exceptional point.
The paper is organized as follows. In Sec. II we state the problem and the main results; the formalism to obtain the eigenvalues and eigenvectors of a tight-binding chain coupled to a PT -symmetric gain and loss is described in Appendix A. In Sec. III we describe, using perturbation theory, how the eigenvalues and eigenvectors behave around an exceptional point when the gain and loss are at the extreme sites, i.e., in the end-to-end configuration.
This methodology is extended, in Sec. IV, to the study of the behavior of the eigenvalues around exceptional points for the case where the gain and loss are at the center of the chain.
Next, in Sec. V, we focus on transport along the chain for the end-to-end configuration.
Finally in Sec. VI we summarize our results and conclusions.
II. THE MODEL AND ITS SOLUTION
A system is PT -symmetric if the Hamiltonian commutes with the operator PT , where P and T are the parity and the time reversal operators, respectively. This is commonly referred to as spacetime-reflection symmetry (see e.g. [31, 32] ). Following Bender [4] , for a PTsymmetric operator we say that PT is unbroken if all the eigenfunctions of the operator are also eigenfunctions of PT ; otherwise, we say that PT is broken. Without loss of generality, the time reversal operator T can be defined simply as the complex conjugation operator [33] T ≡ * , T 2 = 1,
where 1 is the identity. For a matrix M , the action of T is T M T = M * . Fixing a basis in a finite Hilbert space, the parity operator P is a matrix such that P = P * and P 2 = 1.
In our case, we choose P as the matrix J with components
which is commonly known as exchange matrix in the mathematical literature [34] , sometimes called sip matrix [32] . A tight-binding chain in one dimension with gain and loss in a symmetric configuration (see Fig. 1 ) can be described by the PT -symmetric Hamiltonian
where t is the (positive) nearest-neighbor coupling, N is the length of the chain and corresponds to the dimension of the Hilbert space of the system, k is the position of the gain and N − k + 1 is the position of the loss, and η is a real number that describes the strength of the gain and loss. Without loss of generality we fix t = 1.
We can obtain exactly the eigenvalues and eigenvectors of this Hamiltonian using symbolic calculus [35, 36] ; see Appendix A for the explicit derivation. The eigenvalues are given by
where the values of the "angles" θ are those non-trivial solutions (θ = mπ, with m ∈ Z)
that fulfill the equation
Writing the eigenvectors in the site basis {|j , j = 1, 2, . . . , N }, as |E θ = N j=1 u j (θ) |j , the jth-component of the eigenvector is given by
where Θ(x) is the unit step function defined by Θ(x) = 1 if x ≥ 0 and Θ(x) = 0 otherwise.
In Eq. (7), u 1 (θ) is the first component of each eigenvector, which can we can set to 1/N , where N is a normalization constant.
A. Limiting cases η = 0 and η → ∞ Before analyzing specific configurations and addressing the issue of the exceptional points [6, 11] , we focus first on two limiting cases. When η = 0, Eq. (4) represents a symmetric (real Hermitian) matrix; from Eq. (6) we obtain θ = rπ N +1
(r = 1, 2, . . . , N ), which using Eq. (5) yields the well-known solution for the eigenvalues E θ,η=0 [35] . Similarly, the jth component of the eigenvectors is given by
In this case, the Hamiltonian in Eq. (4) is "centrosymmetric" and the results in [34] hold.
The most relevant of these is that the eigenvectors are symmetric or skew-symmetric with respect to the exchange matrix J, i.e. they fulfill
This symmetry is relevant in achieving good transport properties over disordered systems [37] [38] [39] .
In the opposite limit, when η → ∞, we expect the system to be divided into several subsystems depending on k: two of them correspond to the uncoupled gain and loss, and the remaining are one, two or three disjoint tight-binding chains depending on the positions k and N − k + 1. From Eq. (6), the real parts of θ for the disjoint tight-binding chains are given by θ = rπ/(N − 2k + 1) for r = 1, 2, . . . N − 2k, and the double-roots θ = rπ/k for r = 1, . . . k − 1. All these N − 2 eigenvalues have, in the limit η → ∞, an imaginary part which is or tends asymptotically to zero. The asymptotic behavior of the two remaining eigenvalues, which are purely imaginary and are linked to the gain and loss, can be obtained by writing θ = iφ; Eq. (6) is transformed to
which in the limit Re(φ) 1, reduces to
Taking logarithm we obtain
Finally, using Eq. (5), we obtain
We note that this equation holds independently of k, i.e., for any symmetric configuration of the gain and loss. It is also worth noting that even for small values of the parameters, like N = 10, η 3, the asymptotic behavior of the eigenvalues is already clear in the numerics; see Figs. 2-4 below.
III. GAIN AND LOSS IN THE END-TO-END CONFIGURATION
Using the results of the previous section, in this section we obtain the eigenvalues and eigenvectors for the case where the gain and loss are in positions 1 and N respectively. To simplify the description of the behavior close to the exceptional point it is convenient to assume that N is even.
In this configuration we have k = 1, and the Hamiltonian reads
From Eqs. (6) and (7) above, we write the corresponding results for this configuration, which we shall use later to obtain expressions for the eigenvalues in the vicinity of the exceptional point. The eigenvalues E θ (see Eq. (5)) depend on θ, which now satisfies the equation
and the components of the eigenvectors are given by (c.f. Eq. (7)) Figure 2 shows the complex eigenvalues E θ as a function of η: on the left we show the real part Re(E θ ) of the eigenvalues and on the right their imaginary part Im(E θ ). The figure shows that there is a single exceptional point at η = 1 with two eigenvalues coalescing at E θ = 0, i.e., θ = π/2. To determine analytically the behavior of the eigenvalues around an exceptional point, we use a simple perturbation scheme which provides accurate approximations, in spite of the well known fact that asymptotic series may not be convergent [40] . We write Eq. (15) generically as F (θ, η 2 ) = 0, from which we determine the values of θ given the strength of the coupling constant η. In the present case, the equation defining θ for η = η 0 = 1 can be rewritten as
with the solutions θ r = rπ N (r = 1, 2, . . . , N − 1) and θ 0 = π/2. Notice that since N is even, the root θ N/2 is identical to θ 0 , so at η = η 0 = 1 these roots coalesce.
If we follow the usual perturbation scheme, we write η 2 = η 2 0 + , propose a solution of the form θ = θ 0 + θ (1) +... in powers of , and solve F (θ, η 2 ) = 0, which is also written as a series expansion in . Each term of that series must be equal to zero, which is used to obtain θ (1) .
However, this procedure breaks down when θ 0 and η 0 define an exceptional point. Indeed, to first order in the expansion reads
and at the exceptional point we have
implying that we cannot choose θ (1) such that the first order term vanishes. We emphasize that the condition given by Eq. (19) defines the exceptional point.
To overcome the failure of the usual perturbation scheme, we propose to write the solution for θ as θ = θ 0 + 1/2 θ (1) + .... Then, to first order in we have
The term of order 1/2 vanishes identically at the exceptional point, due to Eq. (19) above, and from the term proportional to we can obtain θ (1) . Explicitely, the first order term in leads to
and we have
Consequently, near the exceptional point we have
in terms of which, the eigenvalues read
Note that the two solutions of θ (1) indicate a coalescence at the exceptional point, and a Turning our attention to the eigenvectors: Since |E θ are eigenvectors of a PT invariant Hamiltonian, it is straight forward to see When η = 1 all the eigenvalues coalesce in pairs. For η > 1, the imaginary part of only two eigenvalues are proportional to ±iη, the rest tend asymptotically to zero Thus, as long as the spectrum is real (e.g. as is the case before the exceptional point), the eigenfunctions fulfill
as can be checked using Eq. (16) . More interesting are the symmetries after the exceptional point. Now some eigenvalues E θ appearing in Eq. (26) are complex. Thus, complex eigenvalues come in conjugate pairs. Further:
which relates different eigenvectors. These relations will be of use in our discussion regarding transport in the system.
IV. GAIN AND LOSS AT THE CENTER OF THE CHAIN
Now we turn our attention to the case in which the gain and loss are at the center of the chain, that is, at positions k = N/2 and k + 1 for the gain and the loss, respectively; again we assume for simplicity that N is even. Figure 3 shows the corresponding eigenvalues for N = 10 as a function of η. On the left we plot the real part of the eigenvalues as a function of η; on the right we plot similarly their imaginary parts. In this case, all the eigenvalues coalesce in pairs at η = η 0 = 1. For η > 1 the imaginary parts of two of the eigenvalues grow asymptotically as ±iη, c.f. Eq. (13), while the imaginary parts of the rest tend asymptotically to zero.
To obtain the eigenvalues' behavior around the value at which each pair coalesces, we use the same method of the previous section. In this case, the angles θ satisfy
which, for η 0 = 1 can be written as
The nontrivial solutions of this equation are θ r = 2πr/(N + 2) with r = 1, 2, ..., N + 1 and r = (N + 2)/2. We note that at all the values θ r , Eq. (19) is satisfied, i.e., ∂F/∂θ = (N + 2)/2 sin(N + 2)θ r = 0, corresponding to exceptional points. Thus, as observed, at η = η 0 the N eigenvalues coalesce into N/2 eigenvalues. Indeed, it is easy to see that
In particular, two eigenvalues coalesce at E = 0 only when N = 2l with l odd, as shown in Fig. 3 for N = 10. In this case, m = (l + 1)/2 is an integer, and
Carrying on the same perturbation scheme described in the previous section, we denote by θ ± r the value of the angles near η 0 , and finally obtain
for = η 2 − 1 small, and r = 1, 2, ..., N + 1 and r = (N + 2)/2.
We consider now the case where N = 2l with l even; in Fig. 4 we illustrate it plotting the eigenvalues in terms of η for N = 20. We first note that there is no coalescence happening at E θ = 0 for η 0 = 1, but there is a double coalescence at η 1 ≈ 1.6041339. Indeed, at η = η 1 the two pairs of complex solutions of F (θ 1 , η 2 1 ) = 0, Eq. (29), coalesce into two exceptional points. Writing the angles as θ ± 1 = π/2 ± iδ, we have obtained numerically δ ≈ 0.1787145, and therefore the eigenvalues are E θ ± 1 ≈ ∓i0.359335. We have verified numerically that ∂F/∂θ = 0 holds at (θ 1 , η 2 1 ), which implies that they are exceptional points. We observe that, contrary to the common exceptional points, in this case we have Re(E θ ) = 0 and Im(E θ ) = 0 before the coalescence. Beyond η 1 the eigenvalues that had coalesced split into four, a pair of branches diverge asymptotically as ±iη, while the other pair converges asymptotically to zero. Figure 5 explores this situation.
V. TRANSPORT PROPERTIES
In this section we focus on the transport properties in the PT -symmetric quantum chain, using the analytically calculated eigenvectors. Following [27] , our interest is to study onedimensional transport generated by the effective Hamiltonian Eq. (4). For simplicity, we derive the continuity equation for the case where the contacts are in the end-to-end configuration.
Let |Ψ(t) be a solution of the Schrödinger equation. Then we have
and its adjoint where we have set = 1. Using the site basis we have
where the expansion coefficients are given by
In order to derive the continuity equation, we take the time derivative of the diagonal elements of the density matrix ρ nn (t) = n|Ψ(t) Ψ(t)|n :
By using the explicit form of the Hamiltonian, Eq. (4), we find
which can be written as ∂ρ nn ∂t
where we have introduced the local fluxes
which represent the density flux from site n to site n + 1, and we define J 1 = 2|c 1 (t)| 2 η and
representing the input and output due to the presence of gain and loss in the chain.
Now consider |Ψ(t) to be a time dependent eigenstate
for these states c n (t) = e −iE θ t u n (θ). When the eigenvalues are real, products of the form c n (t)c * m (t) = u n (θ)u * m (θ), as those appearing in the definition for the flux, are independent of time. Using the explicit coefficients for the eigenfunctions given in Eq. (16), it is straight forward to see that before the occurrence of the exceptional point J n = η|c 1 | 2 for all n. Hence J n − J n+1 = 0, indicating that probability is conserved. After the exceptional point, the eigenfunctions are complex, and terms of the form c n (t)c * m (t) = e −2 Im(E θ )t u n (θ)u * m (θ) increase or decrease exponentially in time. In view of this, we choose to characterize transport through the coefficient ξ = |c N (t)| 2 /|c 1 (t)| 2 , which corresponds to the ratio of the input to the output in the continuity equation (37) . Evaluated on the states corresponding to the eigenfunctions |E θ (t) ,
becomes independent of time and of the normalization. Further, before the exceptional point, as a direct consequence of Eq. (27), we have ξ E = 1, as can be checked directly using the explicit expression of the coefficients. This indicates that transport is perfectly efficient in the eigenstate corresponding to the (real) eigenvalue E. On the other hand, after the exceptional point, the eigenvalues become complex and ξ E is no longer equal to one.
However, in view of Eq. (28), it is straightforward to see that ξ E ξ E * = 1. The actual values of the transport coefficient for the eigenstates near the exceptional point can be evaluated using the perturbation expansion for θ from Eq. (24):
where the exponential form was chosen merely to enforce the fact that the coefficients are positive, and that their product must be equal to one. Having ξ < 1 indicates that in this state the flux out of the system exceeds the input and the chain becomes depleted.
Conversely, when ξ > 1 the density cannot flow out of the system at the rate at which it is injected into the chain. Finally, in the limit η → ∞ the transport coefficient is 
VI. SUMMARY AND CONCLUSIONS
In this paper, we have obtained exact expressions for the eigenvalues, Eq. (5)- (6), and eigenvectors, Eq. (7), of a PT -symmetric quantum chain with arbitrary PT -symmetric configuration of the gain and loss. We have focused on two concrete gain and loss configurations:
the end-to-end, where the couplings are at the edges of the chain, and center of the chain configuration. In both cases we described how the eigenvalues behave around the exceptional points, and discussed their asymptotic behavior when the coupling η → ∞. Using a perturbative approach to study the vicinity of the exceptional points we obtained an equation that defines the exceptional points, Eq. (19) . This equation, which makes a naive perturbative scheme fail, is always fulfilled at the exceptional points. Though simple, our method -or straight forward extensions of it-, can also be applied to other types of exceptional points, e.g., when there exists eigenspace condensation [14] , or in the case of many indistinguishable photons [41] . . Presumably, the same techniques can be applied to more general instances, either mathematically [42] , or physically [43] oriented.
In the final part we have analyzed the transport in the end-to-end configuration. We derived an effective continuity equation with which we can identify the flux of density through the system, and the contributions of gain and loss are clearly displayed as input and output terms of the equation. We defined and analyzed a transport coefficient given as the ratio of output to input, and found that for eigenfunctions with complex eigenvalues transport through the system is defective, leading to an exponential increase or depletion of density in the system.
In this section, following Ref. [35] , we obtain the eigenvalues and eigenvectors of the general complex tridiagonal matrix defined by
where a, b, c, α, β ∈ C, N is the dimension of the Hilbert space which we assume is even for simplicity, and the contacts are in the positions k and N − k + 1. Since the location of the contacts is related by parity we may choose k = 1, 2, . . . N/2; note that inspite of this, we have not assumed any specific relation among α and β.
Let λ be an eigenvalue of A and write its associated (complex) eigenvector in the site basis as u = i u i |j . The eigenvalue problem Au = λu can be written as the set of linear equations u 0 = 0,
. .
Note the introduction of two boundary equations, which are used to have a uniform way of writing the linear system. Further, we assume ac = 0, otherwise the solution is trivial.
The idea of the approach developed by Yueh [35] is to rewrite this system of equations as an algebraic problem on infinite sequences. Then, one can use the symbolic calculus of Cheng [36] to obtain the required eigenproblem solution. We shall view the components of the eigenvector, u j , as the j-th term of the complex sequence u = {u i } ∞ i=0 , with u j = 0 for j = 0 and j > N . Notice that u 1 = 0, otherwise if u 1 = 0 we have that u 2 = u 3 = · · · = 0.
Similarly, we define the complex sequence f = {f j } ∞ j=0 with all components identical to zero except for f k = αu k and f N −k+1 = βu N −k+1 , which define the location of the contacts. Then, Eq. (A2) can be expressed as
We now introduce the shift sequence S = {0, 1, 0, . . . } and the scalar sequence z = {z, 0, 0 . . . }, where z ∈ C. We take the convolution of the above equation with S 2 (see [36] for details and definitions), which yields
Since u 0 = f 0 = 0, solving for u we get
Since c = 0, the factor (aS 2 + (b − λ)S + c) has a multiplicative inverse [36] , i.e.
The next step is to factorize the denominator, namely
where 
At this point, it is convenient to introduce the following notation. Since γ ± are complex numbers, we write γ ± = p ± iq and
where ρ = a/c, cos θ = p 
where in the last equality we have used De Moivre's theorem.
Up to Eq. (A15) we have followed the same steps as in Yueh [35] ; the remaining of the derivation is a generalization of Yueh's. Notice that our eigenvalues are determined by the second equality of Eq. (A14)
and also our eigenvectors depend on θ. Thus, our first task is to obtain an equation for θ.
To do so, we have to calculate the convolutions in Eq. (A15). As noted above, the contacts are at sites k and N − k + 1, and recall that the f sequence contains this information. Then 
where we explicitly stated that due to the action of S over f , f k has been switched to position 
where Θ(x) is the unit step function defined by Θ(x) = 1 if x ≥ 0 and Θ(x) = 0 if x < 0, and in the last identity we have used 2i √ ac sin θ = √ w. In particular, we shall use below the expressions for u k and u N −k+1 , which read
u N −k+1 = cu 1 ρ N −k+1 √ ac sin θ sin(N − k + 1)θ + α sin kθ sin(N − 2k + 1)θ √ ac sin θ .
In the last two expressions we have eliminated the terms for which the argument of the step function is negative, and used the simplifying assumption that N is even and k = 1, 2, . . . , N/2.
Using Eq. (A18) for j = N + 1 and exploiting the explicit expressions derived for u k and u N −k+1 , we obtain
√ ac sin θ sin(N + 1)θ + α + β √ ac sin θ sin(N − k + 1)θ sin kθ + αβ ac sin 2 θ sin(N − 2k + 1)θ sin 2 kθ ,
and from the boundary condition u N +1 = 0 of the linear system, Eq. (A2), we get sin(N +1)θ + α + β √ ac sin θ sin(N −k +1)θ sin kθ + αβ ac sin 2 θ sin(N −2k +1)θ sin 2 kθ = 0, (A22) Equation (A22) determines θ, with θ = mπ, m ∈ Z, which excludes all the trivial solutions [35] .
To obtain the components of the eigenvectors u j , j = 1, 2, . . . , N , we proceed similarly with Eq. (A18), where we substitute Eqs. (A19) and (A20), which leads us finally to
ac sin θ sin(N − 2k + 1)θ sin kθ .
In the specific case that Eq. (A1) is PT -symmetric, we set a = c = t, α = −iη, β = iη.
Further, we set b = 0 since it amounts to a global shift in the energy.
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